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Integral Method for the Calculation of Incompressible
Two-Dimensional Transitional Boundary Layers

J. Dey* and R. Narasimhat
Indian Institute of Science, Bangalore, India

The method proposed here considers the mean flow in the transition zone as a linear combination of the
laminar and turbulent boundary layer in proportions determined by the transitional intermittency, the compo-
nent flows being calculated by appropriate integral methods. The intermittency distribution adopted takes into
account the possibility of subtransitions within the zone in the presence of strong pressure gradients. A new
nondimensional spot formation rate, whose value depends on the pressure gradient, is utilized to estimate the
extent of the transition zone. Onset location is determined by a correlation that takes into account freestream
turbulence and facility-specific residual disturbances in test data. Extensive comparisons with available experi-
mental results in strong pressure gradients show that the proposed method performs at least as well as
differential models, in many cases better, and is always faster.

Nomenclature
C = coefficient of entrainment for turbulent boundary
layer
Cy = skin-friction coefficient

Flyy =[-&q1-y1"

H = boundary-layer shape factor, =6*/6

h =power law index for turbulent flow

K =pressure gradient parameter, =(y/U?) dU/dx

kK =turbulent kinetic energy

L =pressure gradient parameter, = (62 /») dU/dx

N =nondimensional spot formation rate

Ny(g) =value of N at given g for L=0

n =spot formation rate per unit time and spanwise
distance

p* =velocity profile factor [see Eq. (16)]

Pr = Prandtl number

q = freestream turbulence intensity, %

qo =equivalent freestream turbulence for residual
disturbances associated with a given facility

Reg  =Reynolds number based on momentum thickness

Regr =Reg based on O

St = Stanton number

T,/ T, =wall-to-freestream temperature ratio
U(x) =freestream velocity

u =nondimensional velocity in boundary layer
X, =unheated starting length
X =streamwise coordinate

x* = streamwise location of *‘kink’’ in F(y ) plot

xstep =station at which lag-entrainment scheme is initiated

y = coordinate normal to surface

0% = transitional intermittency

) =boundary-layer thickness

&* = boundary-layer displacement thickness

=y/6

=boundary-layer momentum thickness

=transition zone length, =x(y =0.75) —x(y =0.25)

= kinematic viscosity ‘

=(x—x)/\

=nondimensional spot propagation parameter in
constant pressure

Qe > O
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Subscripts

L, T =laminar and turbulent values, respectively
S =location of y=0

t =onset location

1,2 = first and virtual onset locations

Introduction

HE computation of many practical boundary-layer flows
is often critically dependent on the modeling of the lami-
nar-turbulent transition zone. Indeed, recent progress in nu-
merical modeling of turbulent flows for technological applica-
tions has reached a stage where ‘‘perhaps the most important
immediate modeling problem is that associated with the repre-
sentation of transition.””! This is particularly so in applica-
tions involving relatively low Reynolds numbers or extensive
transitional zones, such as remotely piloted vehicles, turboma-
chine blades,? the Space Shuttle,’ etc. For engineering analy-
sis and design, where computational economy and accuracy in
a specific class of flows is important, it seems worthwhile to
develop, if possible, a simple integral scheme for the predic-
tion of transitional parameters embedded in a comprehensive
method covering laminar and turbulent regions as well. The
development of such a scheme for two-dimensional flows in
strong pressure gradients forms the theme of this paper.
Available transition zone models may be classified into four
groups.” The first of these treats the mean flow during transi-
tion as a linear combination in the proportions (1—v):y,
where « is the transitional intermittency of the mean flow in
the laminar boundary layer starting from the stagnation point
and of the turbulent boundary layer starting from an appro-
priate onset station x;. For example, the mean velocity and
skin friction are, respectively, given® by

u=__1-yu, +vyur H

Cr=0-1Cp +vCyr ¢)]

Here (and in what follows) subscripts L and 7 denote values
for the laminar and turbulent layer, respectively, each starting
from its respective origin, and u is nondimensionalized with
respect to the freestream velocity U(x). It has been shown®
that this model gives an excellent description of mean velocity
profiles, skin friction, and all integral parameters in the transi-
tion zone in constant pressure flows. A few attempts to extend
the model to more complex situations have been made® but
have not yet been validated against recent experimental
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data.'%'2 The model used by Chen and Thyson'? adopts an
intermittency distribution that does not agree with more recent
experiments.'*

Arnal’® uses an intermittency distribution that is specified in
terms of the momentum thickness © and is not derivable from
the spot theory of transition. Furthermore, Arnal not only
predicts Crusing Eq. (2) but also the shape parameter H by a
similar linear combination relation,

H=(1—-vy)H; +~Hr 3

However, as O is itself a nonlinear function of the intermit-
tency (see Eq. 5 below), it cannot be obtained from a linear
combination of the type in Eq. (2), therefore H cannot be
either.

Several algebraic'é-?! and differential?>-?¢ models have been
proposed for transitional flows. The former generally use an
eddy viscosity that is gradually turned on during the transition
zone in a manner determined by the intermittency. Differen-
tial models may use one?? or two?*-?6 additional equations for
closure but often require considerable tuning®*?’ to obtain
reasonable results. Since this work was completed we have
become aware of the work of Fraser and Milne?® that proposes
an integral scheme similar in some ways to the present model.
However, none of the available models has used recent devel-
opments in understanding intermittency distributions,!® in
particular, the possibility of subtransitions? in highly favor-
able pressure gradients and in the specification of spot forma-
tion rates.’® Furthermore, comparisons with recent experimen-
tal datal®!? are very limited?®?s and, in particular, do not
include the measurements showing subtransitions reported in
Ref. 10. It is our objective here to show that, if these develop-
ments are taken into account, it is feasible to develop a simple
linear-combination-type method that compares favorably with
experiment. It is well known3! that properly formulated inte-
gral methods for turbulent boundary-layer calculations can be
at least as good as more complex field methods and can in any
case provide complementary capabilities especially in engi-
neering design.

Present Approach
As a consequence of the linear combination principle in Eq.
(1), such parameters as displacement and momentum thick-
ness and shape parameter can be readily estimated from the
easily derived relations

8% =(1—7)8] +v6% @
3
O=y(1 —7)L[uL(1 —ur)+ur(l—-u.)] dy

+(1 =70, +v’Or ()
where the boundary-layer thickness é in Eq. (5) is given by

6=§; if 6, >6r (6a)

=6 if 6;>6, (6b)

In addition, the skin-friction coefficient is estimated from the
relation in Eq. (2). Note that Eq. (5) rules out a linear-combi-
nation expression for ©.

The physical basis of the method proposed here has been
described at length in some of the authors’ previous publica-
tions.”10:2%:3% 1t will only be sketched here together with the
structure of the computer code TRANZ 2 that was written to
implement the method. Briefly, the idea is to construct a
linear-combination-type model that computes the laminar
boundary layer starting from the leading edge using a modi-
fied Thwaites method*>* and the turbulent boundary layer
from an appropriate onset location using the lag-entrainment
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method.?* These component models have been widely tested
and possess well-understood advantages. The boundary layer
in the transition zone is then calculated using Egs. (2) and
(4-6). Referring to Fig. 1, the steps in the method and the
associated modules in the code (each to be discussed subse-
quently) are as follows.

1) Based on the modified Thwaites scheme, which will be
described later, the module LAMFLO provides 6, , 85, 6,,
Cy., and the pressure gradient parameter L (= ©2U"/v, where
v is the kinematic viscosity; U’ =dU/dx). A laminar
boundary-layer velocity profile u,(y) is provided for each
value of L by the module LAMVEL.

2) Based on the lag-entrainment scheme, the turbulent
parameters 87, 67, O, and Cyr are provided by the module
TURFLO. The module TURVEL provides the turbulent ve-
locity profile ur(y).

3) Prediction of transition onset is based on the correlation
proposed recently®® in terms of the the freestream turbulence
intensity and pressure gradient. However, provision is also
made for specifying the onset location independently, if
necessary.

4) The transition zone length is based on estimates of the
spot formation rate, provided by the module EXTENT.

5) The intermittency- distribution is obtained from the
module INTER, based on parameters from ONSET and
EXTENT.

6) The transitional parameters are finally derived from Egs.
(2) and (4-6) using the outputs of the above modules.

Onset of Transition

The prediction of onset location is still an open problem and
cannot be attempted at present except through empirical cor-
relations of one type or another. In the present method it is
recognized that the onset location depends strongly on not
only the pressure gradient but the disturbance environment,
which includes freestream turbulence g and, in the case of data
obtained in test facilities, other residual nonturbulent distur-
bances like noise, vibration, etc. (The onset location referred
to here generally corresponds to the origin of the emerging
turbulent boundary layer.) Recently,* it has been shown that
the residual disturbances can be parameterized by an equiva-
lent freestream turbulence gy and that a useful correlation for
the onset Reynolds number is

Reg; =0.9Reg[1+0.15(e ~9+ 2)(1 —e ~50L)] )]
where
' Reg=100+310/(g% + gd)" ®)
In put
Ulx),q,v LAMFLO
LAMVEL
1 l—. BLEND | ~uoot™
onseT |t TURFLO __I
EXTENT TURVEL
Xgah
INTER 7x) -

Fig. 1 Schematic structure of the present model.
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is clearly the value at zero pressure gradient (L =0),
g =100(2k/3)"/U is the freestream turbulence intensity in
terms. of the turbulent kinetic energy, and gy is a number to be
determined for each facility (and possibly for each test condi-
tion). Equations (7) and (8) are used in the present model
because they show the best agreement with available experi-
mental data among the published correlations.

Intermittency Distribution
Of the various intermittency distributions proposed,!3:36:37

the universal nature of the constant pressure v distribution

y=1—exp(—0.41 £2), £=0c—x)/\ 9)

A=x(y=0.75)—x(y=0.25) 10)

has been confirmed,”-3:193839 even at hypersonic Mach num-
bers.* It is important to note that, when intermittency data
are available, the best choice of the onset location x; in Eq. (9)
is made by extrapolating the best-fit linear variation of
F(y)=[—t(1 —y)}" with x to F(y)=0, as this location has
also been found to represent the effective origin of the turbu-
lent boundary layer that emerges after transition. However,
small nonzero intermittency values at x,, so determined, are
not unusual, especially at low Reynolds numbers because un-
der such conditions spot growth may go through an initial
nonlinear region of the kind that can be seen in the experi-
ments of Schubauer and Klebanoff*! with artificially gener-
ated spots.

In certain classes of pressure gradients, especially those that
are stabilizing near onset, subtransitions can occur. Equation
(9) then holds in segments*?:

v=1—exp(—0.41 £3), &, =(x—x,)/N,, forx=x* (11)

y=1—exp(—0.41 £, &,=(x —x)/Ny, forx=x* (12)

where x;1, X2, A\;, and \; denote various streamwise locations
and lengths illustrated in Fig. 2, which shows intermittency
data from one of the experiments reported in Ref. 7; a favor-
able pressure gradient was applied near the onset of transition
in this flow; and x* denotes the location of the kink in the
F(v) plot. Such a kink is evidence of what is called a subtran-
sition® and is probably caused by a relatively sudden change
in the nature of the flow from subcritical to supercritical due
to change in flow stability. Interestingly, the available data on
boundary-layer thickness in favorable pressure gradients near
onset indicate that the streamwise location x,, represents the

Fly)
2
o (Ref7)
y=0.75
] o
o]
){tl XI'Z X* X

Fig.2 Definitions of x;1, xz2, x*, and two length scales Ay and )z,
based on F(y) vs x plot (data NFU1 of Ref. 7).
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origin of the turbulent boundary layer that emerges after
transition, as may be seen from Fig. 3. In Fig. 3, flows DFU1
and DFDI1 of Narasimha et al.'? are shown along with the flow
(to be called BW22 here) reported by Blair and Werle!! at the
conditions at K =0.2/10° with grid —2 and g =2%. For spec-
ification of the v distribution in Eq. (12), the more important
zone length, therefore, is also A,.

The intermittency distribution in Eq. (9) [with Eq. (12) for
pressure gradients] is adopted in the present model.

Extent of Transition

In the present model, the zone length N (or A, if there are
subtransitions) is obtained utilizing recent proposals3®4? on the
spot formation rate n (per unit spanwise distance and unit .
time). These proposals use the nondimensional spot formation
rate

N=no0}/v

where ¢ is the Emmons spot propagation parameter’ and 6, is
the momentum thickness at x;. In constant pressure flows, N
has a value of about 0.7 x 10~ in turbulence-driven transi-
tion.3? In favorable pressure gradients, the relevant nondimen-
sional spot formation parameter N, (= no,0%,/v, where o, is
the spot propagation parameter in the region x =x*and 6,, is
the momentum thickness at x,,) increases with pressure gradi-
ent following the relation*

Ny@)—No(@)=0.25L}  Lp=0pU"/ (13)
Here, No(q) is the value of N at the same freestream turbu-
lence level without pressure gradient, and L, is the value of L
based on conditions at x,,. The zone lengths A\ and A, are
estimated, respectively, from the relations

A=1[0.41UQ3/Ny]*

A2=[0.41U(x,2)0%/ Nyv (14)

Estimation of Laminar and Turbulent Parameters

Figure 4 shows a schematic representation of various com-
putational domains in the present scheme.

The laminar parameters are estimated, for all x >0, using
an extended and modified version of the Thwaites’? method
proposed recently to take account of highly accelerated flows

3
1.O - o " ——0
em o -~ © DFD! | (Ref.10)
O o DFU

i - A BW22 (Ref.11)

0 Xt
Xi2 laminar prediction
L -—-~— turbulent prediction
///
/EI//

10 o
cm - o

e

-~
-~

0 Xty !(

- Xt2
8 A

& -
A __ -
1.0+ A ////
cm A .
¥ Xt A
A -~

ot ]

6] 40 80 120 cm X

Fig. 3 Virtual origin (x;2) of the turbulent boundary layer as inferred
from the x variation of the boundary-layer thickness.
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y laminar _ -

boundary layer _ =~ turbulent

! — boundary layer
-

|

", ~— xstep
o V4

Xt X

ower .
plaw —— lag entrainment method —=—

turbulent boundary fayer
parameters

laminar boundary layer parameters

Fig. 4 Various computational zones adopted in the present model.

and to provide certain additional parameters needed in the
present transition zone model. Thus, O; is obtained from the
relation’

x x ’2 X 2
e? =<%>l:j Us dx+0.9j <(lJJ7><S U3 dx> dx] (15)
0 0 0

The first term on the right represents the Thwaites value; the
second term, usually small, provides a useful correction at high
favorable pressure gradients (in the range 0.25 <L <0.4). Sim-
ilarly, the quartic velocity profile®

up =2, —2n; +n +P*n (l—q ) ap=y/6,  (16)
is adopted for evaluation of 6 in Eq. (5); here P* does not
correspond to the Pohlhausen*® pressure gradient parameter
but is taken as a velocity profile factor so selected that the
profile in Eq. (16) gives a good representation of the Falkner-
Skan solutions.

The turbulent parameters are estimated, for x =X, or X,
using the lag-entrainment scheme of Green et al.,’* which is
an improvement upon an earlier version based on Head’s*
method and introduces an equation for the streamwise rate of
change of the entrainment coefficient C{=U-"'d[U (67—
63)1/dx }. The lag-entrainment method has an accuracy com-
parable? to that of the best of the differential methods as-
sessed by the Evaluation Committee in the 1968 Air Force
Office of Scientific Research IEP-Stanford Conference on
turbulent flows®! and is also quite successful in compressible
pressure gradient flows.>»* The initial conditions for the
governing equations are obtained using a power law profile
ur=(/87r)"" in the region x; <x =<xstep (see Fig. 4); the
value of # is taken as 3.4, based on an analysis of the constant
pressure low Reynolds number measurements of Purtell et
al.* The parameters 67 and Cyr are adjusted to match the
values from the method of Green et al.3* at xstep. For
X =xstep, the turbulent velocity profile for use in Eq. (5) is the
log plus wake profile.3!

Results and Discussion

It can be stated at the outset that not many experiments
provide suitable test cases for validation of the present model,
mainly because simultaneous measurements of both intermit-
tency and boundary-layer parameters are rare in nonzero pres-
sure gradients and measurements of skin friction are almost
entirely absent. Although we have considered*’ all of the ex-
perimental data available,!0-12:37-4! there is space only for pre-
senting a few illustrative comparisons.

We may note here that the present linear-combination
model does not require a specific ‘‘end’’ of the transition zone
(such as considered in Ref. 37), as ©, §*, H, and Cyattain their
respective fully turbulent values with v approaching unity
asymptotically. It also may be noted that, unless explicitly
stated otherwise, both x; (or x;;) and N (or A,) are obtained,
respectively, from the ONSET and EXTENT modules already
described.
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Fig.5 Comparison of the data of Narasimha et al.}? (DZ02) and
Abu-Ghannam and Shaw37 (AS) with present predictions.

Zero Pressure Gradient

The boundary-layer parameters predicted for the flow DZ02
(at U =11.54 m/s) of Narasimha et al.'° and that reported by
Abu-Ghannam and Shaw®” at U =22 m/s and g = 1.25 (here-
after referred to as AS) are compared with the measurements
in Fig. 5, where the onset locations x,(= 30 cm for DZ02 and
28 cm for AS) are also marked. (Similar locations for constant
pressure data, and x,, X;, for pressure gradient data, will
always be marked in what follows.) Figure 5a shows that the
present model is successful in predicting the transitional
parameters in flow DZ02. It is seen in Fig. Sb that agreement
is generally good for x =70 cm for the AS data. The largest
discrepancy (of 27% in Cy) seen here is mainly because of the
fact that the Cydata in what AS identify as the fully turbulent
region are appreciably lower'# than those given by the correla-
tion of Green et al.3*; however, the correlation is in excellent
agreement'* with the low Reynolds number constant pressure
measurements of Purtell et al.* It may be noted that the onset
location given and adopted by the present scheme (x, =28 cm)
differs from the number quoted by Abu-Ghannam and Shaw,
Xs =33 ¢m, where they consider xs as corresponding to y=0.
This difference is due to the difference in the definitions of the
beginning of transition adopted by these authors and in the
present .analysis.?°

Blair and Werle!? (who have measured heat-transfer rates as
well as various boundary-layer parameters) compare their ex-
perimental data with predictions based on the turbulence mod-
els of McDonald and Kreskovsky*® and McDonald and Fish,?
but, in general, prefer the former (which will be compared
with present predictions in the following). Both models, how-
ever, fail to predict the measured distribution of Stanton
number St in the flow (hereafter referred to as BWO00) at
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U=30.48 m/s and g =0.25%. On the other hand, we find
that the simple linear-combination relation

St =(1—v)St, +yStr (17)

where the v distribution is given by Eq. (9), adequately predicts
the heat-transfer distribution in the transition zone, as shown
below. The Sz, in Eq. (17) is estimated utilizing the relation'?

St Pros66 = 0.453(Ux/»)"**[1 — (X, /x)°7] 738 (18)

where X, denotes the unheated starting length (taken'? as 4.3
cm), and the Prandtl number Pr (taken as 0.72 in the present
analysis). Blair and Werle'? suggest that St; can be estimated
using the correlation

StrPr%4=0.0307(Ux/v)~%¥T,/T,)~%* 19

where T,,/T, is wall-to-freestream temperature ratio. Noting
that the turbulent boundary layer has its origin at x, and
that the streamwise length of flow development for the turbu-
lent parameters is, therefore, (x —x,), Sty is estimated here
using (x —x,) in place of x in Eq. (19). Figure 6 shows the

S¢x10°
!
!
I.O—_ {
] I
] !
|
G I
. © BW 00(q:0.25%) ,'
predictions !
J present
—————— Blair 8& Werle {Ref.12)
Rexj
0.1 7 T T T ! !
105 108 Rex

Fig. 6 Comparison of various predictions of Stanton number with
measurements in flow BW00 of Blair and Werle.12

[S] ﬁ
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16 4 . 9/"0/ ‘T
m/s i o

. o o DFUI

14 7 —— present

" prediction

O T ' l T

0 40 80 120¢cm X
Fig. 7 Comparison of the present predictions for §“, ©, and H with
the measurements in flow DFU1 of Ref. 10.
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comparison of the present prediction with the experimental
data and the prediction of Blair and Werle!?; the value of
Re,, (= Ux,/v) is also indicated in the figure. It can be seen that

U .
20 4 U(x) ___,//
/s |l oo predictions

present
10 1 geoBW21 = —— present (laminar)
(q= 10%) —. — Blair & Werle{(RefI!)

H= T e Vancoille (Ref. 25)

o i T T T

0 40 80 120¢m X
Fig. 8 Comparison of various predictions with measurements in
flow BW21 of Blair and Werle.1}

U
30 U(x) -/'/

m/s ’L//

10 44— ——-
oeo BW73
(q=4.0%) predictions
present

-— — Blair & Werlg (Ref.I1)

0.1
cm

0.1

120em  x

Fig. 9 Comparison of various predictions with measurements in
flow BW73 of Blair and Werle.!1
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the present linear-combination model is in better agreement
with the data.

‘Agreement is also found*’ between the present predictions
for heat-transfer and integral parameters and the measure-
ments of Blair and Werle'? at ¢ =1 and 2%, but the compari-
sons are not reported here for lack of space.

Pressure Gradient

Figure 7 compares the present prediction of boundary-layer
parameters with measurements in flow DFUI of Ref. 10,
which has a favorable pressure gradient applied near the on-
set; the value of L, is 0.07. The + distribution is available
from experiment for this flow. The freestream velocity distri-
bution is also shown in the figure. It is seen that the present
predictions for 6*, ©, and H are in good agreement with the
experimental data. It can also be seen that in the region
X1 <X <X, the fully laminar calculation is itself satisfactory,
mainly because the 1nterm1ttency in this reglon is very low
(<0.1).

" Blair and Werle’s!! datasets analyzed here are flows with
favorable pressure gradients at all stations, the first at
K =0.2/10° with grid 1 and the second at K =0.75/10¢ with
grid 3 (referred to as BW21 and BW?73, respectively, in the
following); g =1 -and 4%, respectlvely Because a favorable
pressure gradlent applied near the onset of transition can
result in a relatively longer transition zone,!® the extent of
transition, in particular the region x,, <x <x;, if there is a
subtransition, will tend to be quite long in these flows al-
though the intermittency in the region will be small. It may be
noted that the limited Cydata (2-5 points) of Blair and Werle!!
are all toward the end of transition. Further, the scales for the
ordinates indicated in Fig. 49 of Blair and Werle!! need to be
shifted® by —0.4in order to be consistent with their Figs. 37,
39, 42, and 44; this correction has been incorporated below.
The present predictions of various boundary-layer parameters
for flows BW21and BW73 are compared with the experimen-
tal data and predictions by Blair and Werle!! in Figs. 8 and 9;
however, they do not report any predictions for © and 6*. The
predictions of Vancoillie?® are also shown in Fig. 8. (It may be
noted that the scales for the abscissa indicated in Fig. 6 of
Vancoillie?® need to be multiplied by a factor-of 2 in order to
be consistent with the data for BW21; this correction is incor-
porated here.) As will be seen from Figs. 8 and 9, the present
calculations indicate the présence of subtransitions in both
flows at the stations shown; it is gratifying that more recent
intermittency measurements® do indeed reveal the subtransi-
tions inferred here. Figure 8 clearly indicates that the present
model is as good as the differential model of Vancoillie?; the
small difference seen for 6 is mainly due to the enlarged scale
used compared to that for 6. It can be seen from Figs. 8 and
9 that the present predictions show good agreement with the
experimental data. Note in particular the predicted dip in &*
for BW21. The laminar calculations for 6* and § in flow
BW21, for which the region x,; =x =<Xx,; is large, clearly indi-
cate that the growth of the turbulent spots in this region must
be negligible. Comparing the present predictions for H and Cy
with those of Blair and Werle,!! it is seen that, in general, the
present integral method performs at least as well as the differ-
entidl model used by Blair and Werle and does better for Cyin
the flows BW21 and BW73. .

Although only favorable pressure gradient results are pre-
sented here, it is expected that the present model should re-
main useful in adverse pressure gradients with the incorpora-
tion of the proposal of Gostelow™ on the spot formation rates
in such flows.

Conclusion

A linear-combination-type integral model for the calcula-
tion of the transitional boundary-layer parameters in two-di-
mensional incompressible flows is proposed here. The model
is found to be nowhere inferior in performance to more time-
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consuming differential models; in certain cases it is apprecia-
bly superior, and is always faster (and has, in fact, been
implemented on a personal computer).
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